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OAð4r; r12p; 2Þ is deleted, then it becomes a resolvable OAð4r; 2p; 2Þ which can be partitioned into r
strength 1 orthogonal arrays. Suen (1989) considered the construction of OAð4r; r12p; 2Þ (or
resolvable OAð4r; 2p; 2Þ). It is known that if r ¼ 1; 2 or a multiple of 4 (i.e. r is a Hadamard number),
then p can reach its upper bound 3r. If r is even but not a multiple of 4, then an OAð4r; r122rþ2; 2Þ (i.e.
p ¼ 2rþ 2) can be constructed. When r41 is an odd number, a theoretical construction is not
known. We can only ﬁnd this type of orthogonal array with computerized searches.
Our search algorithm is based on the work of Suen (1989). Suen showed that OAð4r; r12p; 2Þ
can be constructed from an r p matrix with entries: x; y; z;x;y;z where x0 ¼ ð1 1 1 1Þ,
y0 ¼ ð1 1 1 1Þ, and z0 ¼ ð1 1 1 1Þ. In the ﬁrst two examples with 12 and 20 runs, Suen
showed the maximum number of two-level factors is 4 and 8, respectively. For all larger cases, the
maximum p is unknown. With our algorithm and modern computers, we were able to search
longer and faster and hence ﬁnd designs that he could not ﬁnd. Our results show the maximum p
that we found empirically for each case, not a combinatorially proven maximum.
2. Search algorithm
Our algorithm is straightforward, and it is shown in its entirety in the appendix. The
implementation is in SAS=IMLs (SAS, 2003). Other approaches, such as compiled C, would run
faster, but an IML implementation is both convenient and compact. Furthermore, what we lose in
efﬁciency we can gain by running on multiple computers. The algorithm starts by initializing
column 1 with r copies of x. Then the algorithm seeks a second orthogonal column given the ﬁrst,
then a third orthogonal column given the ﬁrst two, and so on. The algorithm is entirely sequential;
no attempts are made to go back and change a previously found column. When the algorithm
gives up without ﬁnding the next column, it goes back and starts over again beginning with
column two. This outer loop is similar to the approach Xu (2002) used to ﬁnd new orthogonal
arrays and Kuhfeld (2005b) used to ﬁnd new difference schemes.
Each search for a new column consists of repeatedly running several steps, each time based on a
different random start. First, a 4r 1 vector consisting of r subvectors chosen randomly from
ðx; y; z;x;y;zÞ is generated, then the scalar products are evaluated with the previous columns.
Care is taken to minimize the size of the scalar products computed at each step and update rather
than recalculate results. The algorithm tries replacing each of the r entries in turn with each
element of ðx; y; z;x;y;zÞ. Replacements that move the scalar products closer to zero are
performed until either an orthogonal column is found or the algorithm gives up and tries a new
random start. For large problems and higher-order columns, it may take many random starts to
ﬁnd the next orthogonal column, so it is important to not give up too early. For example, the last
three columns of OAð116; 291223; 2Þ were found after (21, 26, 90)-million tries.
The maximum number of random starts for each column varies by column number.
Throughout the course of our searches, we made many changes to these numbers. This
implementation generates maxima of 2:3j, where j is the index of the column being sought. For
example, the maximum number of random starts for columns 5, 10, 15, and 20 are 65, 4143,
266,636, and 17,161,559, respectively. The maximum number of searches is set to 100 million for
column 23 and beyond. The algorithm will start over at column two very quickly if it has trouble
ﬁnding any of the ﬁrst few columns. However, the farther it gets, the longer it works on each new
column before giving up and starting over at column two. At ﬁrst, we used much smaller numbers,
which worked ﬁne for small n and p, but as we found increasingly larger arrays, we could not
improve them without increasing the number of searches for new columns. For smaller arrays,
using a smaller c such as 1.8 and starting over at column two very often was the best strategy. For
larger arrays, c as large as 2.3 or 2.5 worked much better.
3. Main results
Our main results are shown in Table 1. We were unable to improve on the known arrays with 28
or fewer runs. From 36 runs on, we were able to ﬁnd larger values of p than those previously
known. Our searches found 12 new orthogonal arrays in 36 through 124 runs, resulting in 11 new
arrays with 100 runs or fewer and 20 new arrays in 144 runs or fewer compared to the previous
Table 1
Orthogonal array results
New array Runs Replaces Gain Notes
Small arrays with no improvement
12 3124
20 5128
28 71212
New arrays through computerized search
91216 36 91213 3 Adds a new child array to the catalog: 91 ! 34
111215 44 111212 3
131216 52 131212 4
151217 60 151213 4 Also replaces OA(60, 5131215, 2)
171218 68 171213 5
191219 76 191213 6
211220 84 211213 7 Also replaces OA(84, 7131220, 2)
231221 92 231213 8
251222 100 251213 9 Adds a new child array to the catalog:251 ! 56
271222 108 271213 9
291223 116 291213 10
311222 124 311213 9
New arrays through juxtaposition
331222 132 331213 9 From OA(32, 81224, 2) and OA(100, 251222, 2)
351222 140 351213 9 From OA(32, 81224, 2) and OA(108, 271222, 2)
New arrays through Wang and Wu’s method
9141249 72 9141246 3 From OA(36, 91216, 2) and OA(36, 235, 2)
11141256 88 11141253 3 From OA(44, 111215, 2) and OA(44, 243, 2)
13141265 104 13141261 4 From OA(52, 131216, 2) and OA(52, 251, 2)
15141274 120 15141270 4 From OA(60, 151217, 2) and OA(60, 259, 2)
17141283 136 17141278 5 From OA(68, 171218, 2) and OA(68, 267, 2)
91812117 144 91812114 3 From OA(72, 9141249, 2) and OA(72, 271, 2)
orthogonal array catalog (Kuhfeld and Tobias, 2005). In each of 60 and 84 runs, these new results
allow a single new parent to replace two parents in the old catalog. The updated catalog can be
found in Kuhfeld (2005a, c). Here are the two-level factors for each of the 12 new orthogonal
arrays. Our methods and new designs could be used to construct other larger arrays as well.
OAð36; 91216 ; 2Þ
x y x y y y x x x y y z z x x y
x y y z z y z y z y x y z z z y
x y z x x z x z y z z x z x x z
x x x y x y x y y z y y x x z y
x x x y y z x x y x y y x z y y
x x x y y y z x y y y x y x x z
x x x y z y x z y x y y x x y y
x x y y x z x z z z z z x x x z
x x x x x y z x x y x z z y y z
OAð44; 111215 ; 2Þ
x y x y x x y z z z y x z x y
x y y y x x z x y z x z x x z
x y y z y z y z x z y y y x z
x y y y z z y z x z z x x x z
x y z y z y z y z y x z x z y
x y x y x y y y y z z x z y x
x y x z y z z z y y z y x x y
x y y x z y z x z y z y z x y
x y y z x x z z x y z z x y y
x x z z y x z y z y z y x y y
x x x x z y z z x z y x y y x
OAð52; 131216 ; 2Þ
x y x x z y y z x z x x z z z x
x y y y x x x x z x x y z y x y
x y y x x x z x x y y z y y z z
x y y x y y y z x y z y z z z z
x y x x y x z z y y z y z x x z
x y x x x z z y y y y y z y z y
x y y y x z x x y x z x z x z z
x y y z y z z z x z y y y x x z
x y z y x x z z y z y x z z y y
x x x x z y y z y z x z y y y y
x x x x x y y z z y z z y z x y
x x x x y y z x y x x z z z z z
x x y z z z z z z x y x y x z x
OAð60; 151217 ; 2Þ
x y x y y x z x x x y z x y y x z
x y x x z z y z y z x x x y x x z
x y x z y x z z x x y x z y y x y
x y y y x y x x x z z x z y z y x
x y x x y x z z y z x y x y x y x
x y x z y x z y x y y x z z z x z
x y z z y x z x z x y x x x z z y
x x y y x z y z z z y z y y y x z
x x x y z z x x z x z z z y z z y
x x y y x z x x z y y z y z z y z
x x y y x y x z y z x z z y y z x
x x x x x z y x z y z z y y z z z
x x y y y y z y z x x x y x z x y
x x z y z y z y z z y x y z x z x
x x x x x x z z z x y x y z x y y
OAð68; 171218 ; 2Þ
x y x y y x y x y x x x x x y x x z
x y y x x z z z y y y x z z z y y y
x y y y z z x z y z z z z x y z x x
x y z x z y x z x y z x y x z z y y
x y z z x x x x x y y x z y y x y y
x y x y x x x z x y x z x y y y x z
x y x y y x x z z x z z y y z z x y
x y x z z z y y y x z y y y z x x y
x y y y x y y x y z z x x x z z y z
x y y y x y y z x z z y x x x z z y
x y z z x y y z x x z x y y y x y x
x x x x x x x y y z x z z x z y y z
x x z x x z x x x z z y y y y y x z
x x z y y y y z x z z y x y x y y z
x x x y z z z z y y y z y y z z y z
x x y y y y y x z x x z y y z x y z
x x y y z x x x x x z z x y z x y z
OAð76; 191219 ; 2Þ
x y x x y z x z x z y z x z y x y y z
x y x x y z y y x y x x y z z z y x x
x y x y y y x y z y z y x x y y z x y
x y y x z y z z x z z z x y x z y y y
x y y y x x y z x z z y z y z x z x x
x y y z z x z x y z x y x x x z x z z
x y z y z z z y z x z y y x z x z x y
x y z z x z y x x x z z y x z z z y x
x y z z x x y z y z z z z x y x x x y
x y z z x z y y z y x z x y y y x z x
x y x x x y x z x x z y z x x z z z x
x y x y x x y x y x x y z x z x z y z
x y y y y z z z z z x x y y x x x z y
x y y x z z x y z y z y y x z x x z y
x y y y y y x x z z x y y x z z x y x
x y y z z y z x z x z z y z y z z y y
x y z y x y y z x y y z z x y x y y x
x x z y y x y z z z x z x y y z z x x
x x x x x x x x x x x y y y y z z z y
OAð84; 211220 ; 2Þ
x y x z y y y y x z z x z z y y z z y z
x y x z x z x y x z y x z y x y z x z x
x y x y y z z x y z x z y x z y z x z x
x y x y y y z x x y y x z y x x z x x y
x y y y x x y y x y x x x z y x y x y z
x y y x y x y x y y y x x y z x y z z y
x y z z x y x x y x y x y z x x z x y y
x y y x z x y y y y z x x x y y x x z z
x y y y y z y y z x x x x x z z y z x y
x y z y x y y x y y y x x x y x x y z x
x y z x z z z z y z z x x z x x y x x z
x y z z y x y x x z y y y x y x x y x y
x y z z z z x x x x y y x z y y x y y z
x x z z x z x x z x x x z z z x y x z z
x x x x x x y x y y y z z z y y z y z z
x x x x z x x z x z z z z y z x y x y z
x x z y y y z x y y z x z x y x z y x x
x x y z y y z x y x x z z z y x y z z y
x x x x x z z x z x z x z z x z z y y z
x x x y y z x y x z x x z y x x z x y y
x x y y x z y z y z y y x z z z z y x z
OAð92; 231221 ; 2Þ
x y x y y y y y z z z z x z z x x x x y z
x y x z x x z y y z x y z x z y x x x x y
x y x x y z y z z z y z x z x y y y x z y
x y x z x z z z z y x z y y x x y y z y y
x y y z x x y z z x y z x y x y x x x z z
x y y z z x y y y z y x y z z y x x x y y
x y z x y z z z x x z y z x z y y z y y y
x y x z x y x y y z x y x y y y z x x x z
x y x z y x z x z y z z y z z y y x x x x
x y x x y x y x x z x z x y y x x y y z y
x y x y x z z y y z y z z z y y y z y x x
x y x z z x z x y x x x z y z x x y y z z
x y y x y z y x x z y x y x z x z x x x y
x y y y y x z y y x y y z y x x y z z x y
x y y y x y y z z z y x y x x z z y z z z
x y z z z x z x z z y x y x x z z x y y y
x y z z x x z x y z x y y x y z z y x x y
x x x y y y z z x z z z z x z y x x y x y
x x y x y z y y y x y z y y z z x x z y y
x x z z x z z y x y x y z z z x z z z y y
x x x z z y z z z z z z x y y x z z z x y
x x x x z x z z z x y y y z z z x z x y y
x x y z z z x y x z x x y x z y x z y x z
OAð100; 251222 ; 2Þ
x y x x z x z y y z z y y x y x z z z y x x
x y x y y y z y x z x x x z y z y x y z z z
x y x y x x y z x y y z z x z x x y y x z z
x y y y z z z y z y x z y z z y x z z y y z
x y y y x y z y x x y y x x x x y z z x x z
x y y z z y z x z z z y z x z y z z y z z x
x y z y x y y y z x y x x x y z z y y x x x
x y z y z x z y z x x z y x x y z y y z z x
x y x x y x z y z z z x y x y z x y y y x y
x y x x x z z y x z y y z y x y y y y y z y
x y x z z x x x z z y z x x x z z y x z y z
x y y x y x z x x z z z y y x x z z y z x z
x y y y x x y y x y x x z z y y x x x y z y
x y y z x x y y x y x z y y y z x x y x z z
x y z x x z y y z x z z z y y y z x y x y y
x x x x y y x z y y x y z y z x z x x z x y
x x y x x x y y y x z x x z y x y x z x x z
x x y x z y z x z z z x y y y y x z x x z y
x x z z z x x y z z z x y z x x z x y y x z
x x x x x x x x x x x x y y z y x z z y x z
x x y x y y z z z z x z z z x x z z y z z y
x x y y x z y x y z y z y x x x z x z z y z
x x z x x y y y y x z z z x y x y y z x x z
x x z x x x y z x z x y x z x y z y y z z x
x x z y z y y y x x x y z z x y x y z z y x
OAð108; 271222 ; 2Þ
x y x x y y y x x x y x z y z y z y y z z y
x y x y y x x y x y y y y z y z x z y z z x
x y x y y x y x x x x z x y z z z z y z y z
x y x x x x y y y x x y z y y x y z z z y z
x y x z z z z y y z y x z x z x z y y y x x
x y y z z z z x z y y z z y y y y y x x x x
x y y y x z x y y y x x x z y x z x z x z x
x y y y y z x y x y z y y x y z x y x y z x
x y y z y x z z x z y x x z y x z y y z z x
x y x z y z x z y z z x x z z x x z x z z x
x y x z y y x y x y z y x y y y x y x y y x
x y y z y z z x z x y z z z z z y z z z x x
x y y x x x y y z x y x x x z x z z x x z y
x y y z y z z y x x y x y z x x z y x y y z
x y y z z x x x y y x y z x z x z z x x x x
x y y z x z y y y y y y z z z z y y z x x y
x y z x x z y z x x x y y x z x z x z y y y
x x y z y y x z y x z x z z x x y z z y z y
x x z x z y x x x y x y z x y x z y x x y z
x x x y y z y z z x z x y y z y z z z y x z
x x z z y z x z y y y x y z z x y x y z x y
x x z z z z x y z x y y x z x z y y z x z x
x x x x y x y x x y x y y y z y y y z z x y
x x x x x z x y z x y y z z y y y y z y z z
x x x y x y y z z y x x z y y x y x x z x y
x x x x x y x x z x z x y y x x z z x z z z
x x z z z x z z y z y z x y z z z y z x x x
OAð116; 291223 ; 2Þ
x y x x z x x x y x x z y z x z y y x y y z z
x y y x x y z z y y x z y z x x z y x x z x x
x y y y y x y y x z z x z z x x z x y x y x y
x y y y z y x x y y z y z y y y z z z y z y z
x y y x z y y y y y y x x x z z x x x z y y x
x y y y x y z y x z z x x y x x y y z x x z x
x y z x z y x y x z y y x y z y y x x y x x x
x y z x z y y y z y x y z z y z y x x z z x z
x y x y z x z y z y y y x x z x z y z z x x x
x y x y x z z x z y z z y z z x z x z z x z y
x y x y y y z y z y z z y z z x x x y x y z z
x y y z x z x x y x x z y x y x x z x y z z y
x y y x x z x z x x x z x z z y x x y z x z x
x y y y z y z y z x z x z x y x y y y x z z y
x y z x y x z z x x z z z x z y y z z y x x z
x x x y x y y z z z x y x x x z y z z y z z y
x x y x y z x x x z x x y x x z y z x x z x z
x x y y y z x z z x y y z z x y y z y z z z z
x x y x y x z z z z z y y y x x z z y x x z x
x x y y y z z z x x z z y z y x y z x y z x x
x x y z x y x z x x x x z y x y x y y z z y x
x x x y y x z z z z y y y x z z y z z x x x z
x x x y z y y y x x y y z x y x z z y x y x y
x x x y z y x z y z y z x y x y y z x z y z x
x x x x x y x y y x y z y z y y z z y z y z x
x x y x y x y x y y y z y y y z y z z z x x y
x x y x z y x z y y x y y z z z y y y x x z x
x x y z y y z x x y x y x y z z x x x x z x x
x x x y z x x x z z y y z x y x y z y x y z x
OAð124; 311222 ; 2Þ
x y x x x y x y y x z x x y z x x x x x y y
x y x x y x x y y y x y x x x y z x y z y z
x y x z z z y x y x z z y z z x x x y x x z
x y x x y x z x z x x x x x y y z y z y x x
x y x y y z y x y y x z x z z z x y z z y y
x y y y x y x x y y y x x x y y z z y z y y
x y y z y y z x y y y z z z z x x x z y x x
x y y x x z x y z x y y x x x x x x y z z z
x y y y x y y z z y z z x x x x x y z y z z
x y z x y x z x y z y x y z z y z x x x y y
x y x x y z y z z z y z x x z y y z y x x y
x y x x y z x y z z z z y z y z x z z y z x
x y x y y y x y y y x y z y z y x z y z z x
x y y y y x z y y z x y z z z x z x z z x y
x y y y z y z z x x y y z y z z y z x x z z
x y z x y y y z z y y x x y y x y z z x x x
x y z y x z x y y z y x z y z y y y z z x y
x y z y z x x y z z z z y z y z y z x z y y
x y z z x z x z x z y x x x z z x y z z y y
x x x z x z y z y y x x z z z x x x y x z y
x x z y y x y x z z y y x z y y y y z y x z
x x x y x z x z z y y y y x x y z y z x y x
x x x z z z z x x x z x x x x x z z y y y z
x x x y z y x x y z y z z z z x y z z y z z
x x z z x x z y x x z z y z x x y y y z y z
x x x x x x x y y y x y x y y z y x y z z y
x x z x y y y z x y x x z z x y y z z z z y
x x x x x x x x z x z y z y z x z z y z x z
x x y x x z y x y y x y x x y z z y y x z z
x x y y z z z x x x z y y y z y z x z z x y
x x y z z x x y z x x y z z x z z z y x z y
In all cases, the results are permuted based on the second column. Exchanging in x lines 3 and 4
transforms z to y and z to y. Exchanging in x lines 1 and 2 and lines 3 and 4 transforms y to y.
Hence, the second column consists of y (i ¼ 1; 3; . . . ; r times), and x and x (ðr iÞ=2Þ times each).
Our algorithm could have ﬁxed the second column to each of the ðrþ 1Þ=2 possibilities and then
iterated in parallel to ﬁnd the remaining columns1, but we would not expect the results to be different.
Some new arrays are created through juxtaposition using our new arrays and other previously
known arrays. Juxtaposition, in this case, creates a new array OAðn1 þ n2; ðn1=4þ n2=4Þ12minðp1;p2Þ; 2Þ
by stacking the minðp1; p2Þ two-level factors in OAðn1; ðn1=4Þ12p1 ; 2Þ and OAðn2; ðn2=4Þ12p2 ; 2Þ and
creating an ðn1=4þ n2=4Þ-level factor by stacking the ðn1=4Þ-level factor coded ð1; 2; . . . ; n1=4Þ and the
ðn2=4Þ-level factor coded ðn1=4þ 1; n1=4þ 2; . . . ; n1=4þ n2=4Þ. Previously, all of the arrays in the
family OAð4r; r12p; 2Þ for odd r and 4rX44 were created using juxtaposition. For 4rX60, they all
had p ¼ 13 two-level factors from OAð36; 91213; 2Þ. Other arrays can be created using the method of
Wang andWu (1991). They showed how to create OAð2n; r1412pþn 3; 2Þ from OAðn; r12p; 2Þ and an
n n Hadamard matrix, creating a four-level factor from 3 two-level factors. Obviously, we could use
our new arrays to make other larger arrays as well.
1We thank an anonymous reviewer for pointing this out.
4. Conclusions and discussion
Suen (1989) believed that larger arrays should be available for 36 runs, and in fact we found
three more two-level factors than were previously known. We do not know if we found the
maximum p for any of the new arrays. It would seem, for example, based on our other results, that
OAð44; 111216; 2Þ should exist, but we could not ﬁnd it. For 132 and 140 runs, our computerized
searches never found a larger array than we could create through juxtaposition. Finding larger
arrays will require either more searches, a different algorithm, or ideally, a combinatorial method.
However, this approach has worked well in adding up to ten new columns to members of the
OAð4r; r12p; 2Þ for odd r family and adding a number of other new arrays to the catalog.
Appendix. Search algorithm implementation
proc iml; n 44; p 16; * search for n runs and p two-level factors;
r n/4; r3 3 # r;
x j(p, n, 0); z j(n, 1, 0); * x: array transposed, z: candidate column;
file log; * stop after stop[j] random initial starts on a column;
stop 1e8 4ofloor(2.3 ## (1:25));
e f 1 1 -1 -1g ‘ jj f 1 -1 1 -1g ‘ jj f 1 -1 -1 1g ‘ ; e e jj -e; * 6 entries;
x[1,] j(1, r, 1) @ e[,1] ‘ ; got 1; * got 1 col, first is all entry 1;
m j(r, 1, 0); * set up symbol column indices;
do num 1 to 1e9 until(ssq 0); * keep trying until orthogonal;
ssq 0; * want zero scalar products with all previous cols;
do j 2 to p while(ssq 0); * loop over num 2-levs until orthog;
t x[1:(j - 1),]; * good factors so far;
do ini 1 to stop[j] until(ssq 0); * try and retry each col;
ssq 1e9; cy 0; * big initial ssq scalar prods, y changed at 0;
call randgen(m, ’UNIFORM’); m ceil(m # 6); * random entries 1-6;
do i 1 to r; z[((i - 1) # 4 + 1):(i # 4)] e[,m[i]]; end;
tz t * z; * array times candidate, want it to be all zero;
do y 0 to r3 until(ssq 0 j ((y - cy) 4r)); * try to improve;
i mod(y, r) + 1; l ((i - 1) # 4 + 1) : (i # 4); * indices;
tl t[,l]; old tz; tz tz - tl * e[,m[i]]; * Try each entry ;
q (tz + tl * e)[##,]; newssq min(q); * avoiding unnecess;
if newssq ossq then do; * matrix multiplies.;
cy y; ssq newssq; m[i] q[4:o]; * Look for changes;
z[l] e[,m[i]]; * that make X’X;
tz tz + tl * e[,m[i]]; * closer to diag. ;
end; * save improvements ;
else tz old; * otherwise revert to previous state;
end;
end;
if ssq 0 then do; x[j,] z ‘ ; got j; end; * got a new orthog col;
if got 4 13 then put num got ini; * progress report;
end;
if got 4 13 then put num got ’ done’; * report done with this one;
if got4 p then do; * got it! output and quit;
x (1:r) ‘ @ j(4, 1, 1) jjx ‘ ;
create sasuser.x from x;
append from x;
end;
end;
quit;
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